The Mobius group of RN U {m] defines N-dimensional inversive geometry. This geometry can serve as an alternative to projective geometry in providing a common foundation for spherical Euclidean and hyperbolic geometry. Accordingly the Mobius group plays an important role in geometry and topology. The modem emphasis on low-dimensional topology makes it timely to discuss a useful quaternion formalism for the Mobius groups in four or fewer dimensions. The present account is self-contained.
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It begins with the representation of quatemions by 2 X 2 matrices of complex numbers. It discusses 2 X 2 matrices of quatemions and how a suitably normalized subgroup of these matrices, extended by a certain involution related to sense reversal, is 2-l homomorphic to the Mobius group acting on R4 U {m). It provides details of this action and the relation of this action to various models of the classical geometries.
In higher dimensions N B 5, the best description of the Mobius group is probably by means of (N + 2) X (N + 2) Lorentz matrices. In the lower dimensions covered by the quatemion formalism, this alternative Lorentz formalism is a source of interesting homomorphisms. A sampling of these homomorphisms is computed explicitly both for intrinsic interest and for an illustration of the ease with which one can handle the quaternion formalism.
*Work supported by Canadian NSERC grant A8100. 190: 99-136 (1993) 0 Elsevier Science Publishing Co., Inc., 1993 and is equal to a Euclidean similarity or the product of an inversion and a Euclidean isometry. This description shows that it is easy to express Mobius transformations in terms of standard Cartesian coordinates [l] . But the resulting formulae are not convenient for many applications, and it is generally better to adopt (N + 2)-component inversive coordinates. In terms of these coordinates (which will be described later) Mobius transformations are expressed by linear transformations which preserve the Lorentz bilinear form u*v = qv, + u,v, + *** +uN+lvN+l -u,+,v,+, and the sign of UN+ s on the cone U * U = 0 [7] . Thus the composition of N-dimensional Mobius transformations can be reduced to the multiplication of (N + 2) X (N + 2) Lorentz matrices.
LINEAR ALGEBRA AND ITS APPLZCATZONS
When N = 2 we obtain a more familiar description of where 2 is the matrix whose entries are the complex conjugates of those in M. Also 
In another connection, the points of R3 can be represented by pure quatemions q = qli + q2j + q3k. Then rotation through 2+ about an axis a can be expressed in terms of the unit quatemion A = cos I,!J + sin Cc, a by the formula [5] q -AqA.
One dimension higher, the points of R4 can be represented by arbitrary quatemions Q, and any proper orthogonal transformation can be expressed using a suitable pair of unit quatemions by the formula [5] Q + AQi?.
These applications come later; we shall begin with a discussion of the quatemions themselves and of 2 x 2 matrices of quatemions.
The reader who enjoys this account will also want to consult Ahlfors [2] for a representation of N-dimensional Mobius transformations by 2 X 2 matrices of Clifford numbers. The 2 X 2 matrices of quatemions which occur in his account serve to describe products of an even number of inversions among 3-dimensional Mobius transformations.
COMPLEX NUMBERS AND QUATERNIONS
Complex numbers can be regarded as a field extension of the reals, as a real vector space with multiplication, or as a special set of real matrices:
Depending on the point of view adopted, the various fundamental properties of complex numbers are more accessible or less so. For example, since the rule for multiplying matrices is the standard one, the matrix approach shows instantly that complex multiplication is associative and distributive, but it requires computation to verify that it is commutative and that the given system is closed under multiplication. It is not our purpose to give an elementary discussion of the fundamental properties of complex numbers, but only to note certain aspects of the dictionary between these representations, namely,
To reconcile the first two of these formulae with the standard expression for the inverse of a matrix we note that the cofactor matrix of is _F y ( 1 itself.
In order to obtain a considerable simplification later, we wish to advocate a flexible notation in which z denotes a vector or a field element depending on the immediate context. Thus we allow ourselves to write
=x1x2
+ yly2 = Re zlZ2 = i(zi.Z2 + z2Z1).
In the same spirit we derive the formula for reflection in the line through the origin with unit normal n as follows:
2 --) 2 -2(n*z)n = .z -(nZ + xE)n = -nZn.
The most familiar way to introduce quaternions is by writing
where i2 = j2 = k2 = ijk = -1. But it is not at all obvious from these rules that the quatemions constitute a skew field, so we quickly indicate the equivalent formulations in terms of complex vectors and a special set of complex matrices:
The rule for handling j is that j2 = -1 and vj = j Z, so we are explicitly stating that multiplication is not commutative. The other field properties are fairly easily verified from the complex matrices, and so we do not dwell on their derivation. Instead we emphasize several aspects of the dictionary between these representations. We refer to the individual components of the vector part as
when necessary.
As an extension of the flexible notation advocated for complex numbers, we accept that V(Q) is a vector in 3-space and Q itself a vector in 4-space. This leads to formulae such as
which is perhaps most memorable for pure quatemions p and 9 defined by S(p) = S(q) = 0, for then it reads Pq= -p.q+pxq. 
MATRICES OF QUATERNIONS
We shall have quite a lot to say about 2 X 2 matrices of quatemions Even though quatemions do not commute, the product of two such matrices is well defined, and an important question is whether M, admits an inverse M, such that M, M, = I. The theory of determinants is not immediately available, but if we temporarily adopt the point of view that a quatemion is a 2 X 2 matrix of complex numbers, then we are dealing with partitioned 4 X 4 matrices of complex numbers and for these the theory of determinants is available.
We make two observations which would apply if M were a 2n X 2n matrix over an arbitrary field, partitioned into four n X n matrices. First, if
is just a collection of elementary row operations done simultaneously, and SO, using our first observation, we find det M = det( AD -ACA-lB).
On the other hand, if A = 0 we find
With quatemions, A is either invertible or 0, and so the second observation can be strengthened to the unrestricted formula
provided we interpret conjugation by 0 as the identity. (This is a slightly outrageous mnemonic, but at least 0 does commute with all quatemions.)
is the square of its norm, and hence M is invertible if and only if AD -ACA-lB # 0.
The calculation which we have just performed can be varied, perhaps using column operations instead, to produce a total of eight forms for the answer. We define
Although these eight associated quatemions have the same norm A, it is quite possible for them to be mutually distinct, as indeed they are for the matrix 
= 1~~1~ + (ml2 -2s(AC D E).
In deriving this formula we have used the fact that S(XY) = S(YX), which follows either from the explicit formula for a product or from the formula for S as a trace. We have also used the fact that real numbers such as 1 Al2 commute with arbitrary quaternions. The reader may wonder if A2 is also
given by
--IAD -Bcl' = 1~~1~ + IBc12 -2S( ADCB),
but this is definitely not the case, as we see by considering the matrix It follows from the formula det M = AZ that M is invertible if any one (and hence all) of the eight associated quaternions is different from 0.
Granting that M is invertible as a 4 X 4 matrix of complex numbers, one might wonder if the inverse has the proper shape to be regarded as a quatemion matrix. We answer this question in the affirmative by giving an explicit formula for the inverse.
THEOREM 1.
Let be a 2 X 2 matrix of quaternions with any one of the eight associated quaternions Lij or Rij, i, j = 1,2, di,fferent from 0. Then M is invertible and
The formula involving L's can be checked by computing M-'M.
Then the formula involving R's can be obtained by matching entries. For
We note that if the entries in M commute, the L's and R's all reduce to AD -BC and our expressions for M-' simplify to the familiar formula. As noncommutative analogue of the fact that the determinant of a product is equal to the product of the determinants of its factors, we can use the The products described above are genuinely new transformations, but the conjugates are equal to transformations which are already present in our group. We shall prove this second assertion by determining explicitly how to rewrite these conjugates in the standard form
Consider the transformation given by
Q + P = (QG + H)-'(QE + F).
We can solve for Q in terms of P by writing
QGP + HP = QE + F or

Q(GP -E) = -HP + F;
hence
Q = (HP -F)( -GP + E)-'.
Since the transformation with which we began is just the inverse of this one, our earlier work shows that it can be written in standard form using the coefficient matrix A number of facts about the mapping M -+ M' are now clear. Since the matrix K above is real orthogonal, K * = Kf = K-l, and an easy computation shows that the mapping M * M' is an involutory automorphism of the group of invertible matrices. Moreover, if M is normalized so that its eight associated quatemions have common norm A = 1 (that is, so that its incarnation as a 4 x 4 matrix of complex numbers has determinant A2 = 11, then inspection of the formula for M' shows that it too has this property. Finally, if M is a matrix of complex numbers, computation shows that
This means that the restriction of the quatemion formalism to complex matrices has an extra factor -1 associated with the sense-reversing transformations that was omitted from the complex formalism described in the introduction. The utility of this hidden -1 will emerge in Section 7.
We summarize our results to date in The statement of Theorem 3 anticipates our identification of the homeomorphisms described by the formulae of Theorem 3 and our simultaneous proof that the homeomorphisms of the second type are really distinct from those of the first type.
THE MGBIUS GROUP OF [w4 U {m}
We proceed to identify the homeomorphisms of Theorem 3 with the elements in the Mobius group of Iw4 U {a}. This group can be defined as the group generated by reflections in 3-flats and inversions in 3-spheres. Altematively it can be described as the set of transformations of [w4 U {m} which preserve cross ratio [7] . By using both of these definitions we obtain our result quickly and with a line of argument that generates other useful information as well. 
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of arbitrary sets of four distinct points in R4 U (~1. The special case when one of the original points or one of the image points is equal to a is covered by a standard continuity argument on the b-sphere in R5. We therefore restrict attention to the general case when the points and their images all lie in R4. 
LEMMA 1.
If Ql and Qz are transported to Qi and Qh by the transformation Q --f (AQ + B)(CQ + D)-' with
Proof.
The result is immediate if we compute the cross ratio of the images using the formula of the lemma. W Mobius transformations are conformal and therefore represented locally by a similarity. The lemma allows us to calculate the magnification factor of this local similarity. 
For the orientation-preserving case we let Qr and Q2 + Q in the formula of the lemma. For the orientation-reversing case we precompose with the isometry Q + Q and use the fact that magnification factors are multiplicative.
n Note that the magnification factor for an arbitrary segment is the geometric mean of the magnification factors which attach to its ends.
FORMULAE FROM [WN U {a)
Our basic attitude towards the quatemion formalism being developed here is that it provides a useful shorthand for the real 6 X 6 Lorentz matrices which the general theory offers. Accordingly we draw freely from the general theory [7] in our effort to sharpen the efficiency of the quatemion formalism. It is now appropriate to quote detailed formulae for the (N + 2kcomponent inversive coordinates used to describe the inversive geometry of [WN U {m}: 
Proof.
We obtain (a) by putting C, * C, = 0 in the lemma. Then we obtain(b) by using M' = -M-l. This means that if n is even, so the first factor is H, then the second factor must be H-', while if n is odd, so the first factor is H#, then the second factor must be [ -( H-l>']#. Now we modify this to a bijection between lR6 and a 6dimensional subspace of the quatemion matrices, which we shall refer to as the coordinate matrices:
U= (U,>~,>U,,U4,Us,U6) = (Q, -+(R + S), -+(R -S))
For a cap vector C, MC is just M," without the #, but in general coordinate matrices will not be invertible. We are continuing to make use of our flexible notation in order to streamline these calculations.
MODELS OF VARIOUS GEOMETRIES
In N dimensions the Mobius group M, acts on Il N = IWN U {ml or (after conjugation by stereographic projection) on the unit N-sphere CN C [WN+ '. There are various connections with conformal models of the classical geometries and the groups belonging to these geometries. But now the formula of Theorem 6 shows us that when N = 4 there is a neat connection with our quatemion matrices. 
Hyperbolic (N + I)-Space
Proof.
The elements of O(5) stabilize the center 0 of B5, and by Theorem 7 this is equivalent to condition (i).
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The elements of O (5) and we recover the representation of O(4) which we had a moment ago.
In the case of the half space H,, the direct isometries satisfy 
